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The subject of nilpotent Lie algebras is one of the neglected areas of Lie 
theory. In many ways, the nilpotent and semisimple cases are at opposite 
extremes, and the classical results and methods give no information on the 
former. On the other hand, the nilpotent case presents several interesting 
problems, as we can see from the examples of Malcev in [3]. These examples 
show that (1) there are uncountably many nonisomorphic nilpotent Lie 
algebras over the complex numbers; (2) a nilpotent Lie algebra over the 
reals need not have a rational form; (3) if a real nilpotent Lie algebra does 
have rational forms, these need not be isomorphic (as rational algebras). 
As a first step in our study of nilpotent Lie algebras, we restrict attention 
to the special case of two-step nilpotent Lie algebras which are finite- 
dimensional over some arbitrary field. Two main results on these algebras are 
obtained: in Section 1, we prove a certain duality theorem, and in Section 2, 
we define a very discriminating isomorphism invariant. The paper concludes 
with examples showing the use of the invariant. 
1. THE DUALITY 
This section is devoted to the study of a certain correspondence N-t N* 
of two-step nilpotent Lie algebras. This correspondence is non-trivial and 
has the property that (N*)* is isomorphic to N, so it is called “the duality” 
of two-step nilpotent Lie algebras. The definition of N* is given in terms of 
the cohomology ring of N (we have in mind the usual cohomology ring with 
coefficients in a field-see [I] or [2J), so before stating our main result, we 
establish the lemmas on cohomology which we require to prove it. The proofs 
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of all these lemmas have been omitted since they are either straightforward 
applications of definitions, or easy consequences of one another. 
Certain notations will be convenient. Let N be a two-step nilpotent Lie 
algebra which has dimension (n + r) over the field K and whose derived 
algebra N’ has dimension Y. Choose a basis B = {x1 ,..., x, , yiIj, ,..., yifl} of 
N as follows. Select a complement to N’ in N and a basis {x1 ,..., x,] for this 
complement. Next, from among the vectors {[xi , xj] 1 1 < i < j < n} 
in N’, select a basis {[xi, , xjJ = yiIj, ,..., [xi, , xj;l = yijl} of N’. We denote 
by {(it ,jt> I t = 1, 2,..., Y} the pairs involved in the definition of this basis for 
N’, and by {(a k , b,) 1 k = 1, 2 ,..., (+ n(n - 1) - r)} the rest of the pairs 
(i, j) with 1 < i < j < n. The constants of structure C$i,tbk E K are defined by 
kz, ’ k = 1, 2,..., (3 n(n - 1) - r). 
t=1 
These preliminaries out of the way, we proceed with our lemmas on coho- 
mology. 
LEMMA 1. Define the I-cocycles fi , i = 1,2 ,..., n, on N by fi(N’) = 0, 
fi(xj) = & . Then { fi 1 i = 1, 2 ,..., n} is a basis for W(N). 
LEMMA 2. Define the I-cochains g, , t = 1,2 ,..., r on N by g,(x,) = 0, 
i = 1, 2,..., n, and gkh,j,) = at, . Then the coboundary 6g, satis$es 
nlzh-0-r 
%t =fit Vfjt + zI c~~&f~, ufbk 9 
where Cit*it 
ag.bk y (it ,jt>, and (% , U h ave the previously explained significance, 
and u denotes the usual product of cochains. 
COROLLARY 1. Sgt E P(N) u Zl(N). 
COROLLARY 2. 
n/2(7+1)-7 
fi, ufjt = - c 
k=l 
‘:$,fa, v fbk ’ 
where the bar denotes cohomology class. 
LEMMA 3. {Sg, 1 t = 1, 2 ,.,., r} is a basis for the space of 2-coboundaries 
on N. 
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LEMMA 4. {fa, u fbk 1 k = 1, 2,..., (4 n(n - 1) - r)) is a basis for the 
subspace W(N) u H1(N) of the cohomology ring of N. 
Now we can state and prove the main result of this section-the duality 
theorem for two-step nilpotent Lie algebras. 
THEOREM 1. In the set of two-step nilpotent Lie algebras, there is a corre- 
spondence N --t N* with the following properties : 
(1) IfdimN=n+uanddimN’=r,thendimN*=n{-Jn(n- 1) -r 
and dim N*’ = 4 n(n - 1) - r; 
(2) (N*)* is isomorphic to N; 
(3) Nl and N, are isomorphic if and only ;f N: and N,* are isomorphic. 
Proof. Given N, we define N* as follows. The underlying vector space of 
N* is the subspace S(N) @ HI(N) U S(N) of the cohomology ring of N. 
The Lie product [,] in N* is defined by [u, V] = II u w if u, z, E H’(N), and 
[II, V] = 0 if u or et is in H’(N) u H’(N). Thus N* is a two-step nilpotent 
Lie algebra over the same field as N. According to Lemmas 1 and 4, N* 
has a basis 
B* = {fi ,...,fn ,fa, u ftnl ,..., fa, U fb, , (s = 4 n(n - 1) - r>>, 
from which part 1 of the theorem follows. Part 3 of the theorem follows from 
part 2 and the fact that isomorphic Lie algebras have isomorphic cohomology 
rings. It remains to prove part 2. This we do by showing that (N*)* has a 
basis whose constants of structure are identical with those of the basis 
B = {xl , . . . . xn , yi,,j, , . . . . yi$,} of N. Let M be the “matrix of constants of 
structure” of B. With rows corresponding to brackets [xi, , x~,],..., [xi, , xjJ, 
[xal 9 %l]dXas 7 x,*] and columns corresponding to yili, ,..., yij, , M has 
the form 
M= 
t 
I 
-L 
c 1 T +n(n - 1)’ 
where C is the matrix whose ktth entry is C&, . 
Next, we examine the matrix M* of constants of structure of the dual basis 
B* = (fi ,..., fn , fa, u fb, ,..., fa, u fb,> of N*. With rows corresponding to 
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brackets [fi, ,f&.., [fi, ,h), [fa, ,f&.., Efa, ,h,l, and columns corre- 
vending tofa, u fbl ,-.,fa, u fb,, we have, according to Corollary 2. 
- ct 
I 
t 
,.,11)-r 
in@ - 1) 
1 
From this it is clear that the double-dual basis (I?*)* of (N*)* has constants 
of structure identical with those of B. Hence N and (IV*)* are isomorphic. 
2. THE INVARIANT 
The purpose of this section is to define a certain isomorphism invariant 
for two-step nilpotent Lie algebras. We briefly describe the main result of 
this section. Let B = {x1 ,..., x, , y1 ,..., r?} be a basis for the two-step nil- 
potent Lre algebra N, where (rr ,.., yr > is a basis for the derived algebra IV’. 
Such a basis is called a compatible basis. Using the universal enveloping 
algebra of N, we attach to each compatible basis B a commutative poly- 
nomial I(B). Th e main result of Section 2 states that if B, and B, are compa- 
tible bases for isomorphic two-step nilpotent Lie algebras, then I(B,) and 
I(B,) are equivalent in the sense of Definition 2. Thus to every two-step 
nilpotent Lie algebra is attached an equivalence class of polynomials; this 
equivalence class is the invariant referred to above. 
Our first step is to define and study the function I which we use to define 
the invariant. Let A be an associative algebra over K (in the sequel, we will 
take A to be the universal enveloping algebra). Define 
I:A x 0.. x A-+A by @I ,***, UJ = alt (210~ ‘a* a, 
where the sum extends over all permutations rr of {1,2,..., n}. The function I 
has the following two easily-verified properties. 
LEMMA 5. Let a, ,..., a, be elements of the algebra A over K, and let 
U: = cynl tijuj , where i = 1, 2 ,..., n, and tij E K. Then 
I(u; ,..., aA) = det (tij)I(u, ,.,., a,,). 
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LEMMA 6. The function I satisfies the following two redzlction formulas: 
I(al ,..., a,) = i (- l)“+l a,Z(a, ,..., & ,..., a,); (1) 
k=l 
I(% ,..., a,) = C (- l)“+j+l (a,aj - a& Z(u, ,..., a”, ,..., & ,..., a,) (2) 
k<j 
Next, we introduce the universal enveloping algebra U(N) of the two-step 
nilpotent Lie algebra N over K. In terms of coordinates, U(N) may be des- 
cribed in the following way. Let B = {x1 ,..., X, , y1 ,..., yr} be a compatible 
basis for N. Then U(N) is the algebra of polynomials over K in the non- 
commuting variables x1 ,..., X, , y1 ,..., y,. with commutation relations 
xixj - xjxi = [xi , xj] = linear combination of y’s, xiyj = yixi , and 
YiYi = Ybi * 
Now, we apply the function Z to the universal enveloping algebra. The 
next corollary to Lemma 6 follows immediately by induction. 
COROLLARY 3. Let B = {x1 ,..., x, , y1 ,..., y,.} be a compatible basis for the 
two-step nilpotent Lie algebra N. 
(a) If n is even, then the element I(x, ,..., x,) of U(N) can be expressed us a 
polynomial in the y’s. 
(b) Zf n is odd, Z(X~ ,..., x,) can be expressed in the form 
I(% ,*a., %) = %Pl + *** + x,p, , 
where each p is a polynomial in the y’s. 
The expression for Z(xl ,..., x,) in Corollary 3 is called the symmetric 
form of Z(xr ,..., x,), because all the variables in each term commute with 
one another. While polynomials in non-commuting variables do not have 
unique expressions, their symmetric forms (if they have them) are unique 
up to ordering of variables, and these symmetric forms are indistinguishable 
from commutative polynomials. 
DEFINITION 1. Let B = {x1 ,..., x, , y1 ,..., yr} be a compatible basis for 
the two-step nilpotent Lie algebra N. We define I(B) to be the symmetric 
form of Z(x, ,..., x,). 
The following properties of I(B) can be easily proved by induction using 
the reduction formulas of Lemma 6: I(B) is a homogeneous polynomial of 
degree 4 n if n is even, and i (n + 1) if n is odd; it depends on r variables if n 
is even and on (r + n) variables if n is odd; the coefficients of I(B) are poly- 
nomials in the constants of structure of B. 
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We require the following lemma about compatible bases. This lemma shows 
that our choice of complements to N’ in N is immaterial as far as I(B) is 
concerned. Again, we omit the proof, as it is simple when one recalls that 
elements of N’ are central. 
LEMMA 7. Let B = {x1 ,..., x, , y1 ,..., yr} be a compatible basis for the 
two-step nilpotent Lie algebra N. Then any Lie algebra isomorphic to N has a 
basis whose constants of structure are identical with those of some compatible 
basis B’ = {xi ,..., x; , y; ,..., y;} of N, where each xi is a linear combination 
of the x’s (and of course each y; is a linear combination of the y’s, since B’ is 
compatible). 
After one final item, we state and prove our main result in this section. 
DEFINITION 2. Let f(q ,..., a;,) and g(z, ,..., z,) be polynomials in 
z, ,..., z, . f and g are said to be K-equivalent in case 
fh s..., %n) = q(4 ,-.*, $J, 
where a E K and a # 0, and z; = ,JC’bijzi , where bij E K and det (bij) # 0. 
THEOREM 2. Let B = {x1 ,..., x, , y1 ,..., y,.} be a compatible basis for the 
two-step nilpotent Lie algebra N over K. Then the equivalence class of I(B) is a 
K-isomorphskm invariant of N. 
Proof. Let M be an algebra which is K-isomorphic to N. By Lemma 7, 
M has a basis C whose constants of structure are identical with those of some 
basis B’ = (xi ,..., XL , yi ,..., y:} of N, where the x’s span the same comple- 
ment as the x’s. Therefore, except for renaming the variables, I(B’) is iden- 
tical with I(C). To prove the theorem, we prove that I(B) and I(B’) are K- 
equivalent. We have xi = Ztijxj and y; = ,J5’bijyj , where tij , bij E K, (tij) 
and (bij) are nonsingular. According to Lemma 5, 
alt xi ***x~=det(t,Jaltx,.**x,, 
so I(B’) = det (tij) I(B). The left side of this last equation is a polynomial 
in primed variables, and the right side is a polynomial in unprimed variables. 
A non-singular linear transformation over K relates the primed and unprimed 
variables, so I(B) and Z(B’) are K-equivalent. 
3. EXAMPLES 
In this final section, we exhibit the use of the invariant in a few examples. 
Theorem 2 says that if the two-step nilpotent Lie algebras N1 and N, have 
compatible bases B, and B, such that I(B,) and I(&) are not K-equivalent, 
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then Nr and Ns are not K-isomorphic. Thus, the isomorphism problem is 
reduced in the first instance to the problem of equivalence of polynomials, for 
which there is an easy test as described next in Lemma 8. 
LEMMA 8. Suppose that f(zl ,..., z,J and g(x, ,..,, z,,J are K-equivalent; 
i.e., that f(zl ,..., z,) = ug(z; ,..., z;), with u # 0, a E K and Z; = ZbijZj , 
bij E K and det (bii) # 0. Then the Hessians Hf and Hg satisfy the equation 
Hf(z, ,..., zm) = u”(det (b,))2 Hg(z; ,..., ~6). 
(Recall that Hf (zl ,..., z,) = det (a2f/8Z,aZj).) 
As our first example, we consider the two-step nilpotent Lie 
algebra N(p), where p is a rational member, defined as follows. Let 
B, = {xl, ~2, xs , x4 , yr , y2} be the basis for N(p) with multiplication table 
[Xl > x21 = Yl [x2 9 x31 = 0 
[Xl 9 x31 = Y2 [x2, %I =Y2 
[Xl 9 x41 = 0 [x3 9 x41 = PYl ? 
and of course, 
[Xi,Xj]=-[Xj,Xi]s 
PROPOSITION 1. If p and q are dktinct positive primes, then N(p) and N(q) 
are not isomorphic as rational algebras, although they are isomorphic as real 
algebras. 
Proof. From the reduction formulas in Lemma 6, we find that in this 
case, 
For N(p), th ere fore, I(B) = 2(py12 - Yap), and for N(q), I(B) = 2(qy12 -Yap). 
The Hessians are 16p and 16q, respectively. There is no rational u such that 
16a2p = 16q, so by Lemma 8, the invariants are not rational-equivalent. 
Therefore, by Theorem 2, N(p) and N(q) are not rationally isomorphic. 
However, the linear mapping defined by 
Xl-t% x4-f 
J 
zx 
P 4 
x2--+*2 Yl-+Yl 
x3 -+ 
4 
9, 
P 3 
Y2+- d 
4 
pY2 
is an isomorphism of N(p) onto N(q) as real algebras. 
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For our second and final example, we consider the real two-step nilpotent 
Lie algebra N(d) defined in the following way. Let B, = {x1 ,..., xs , y1 , y2} 
be a compatible basis with multiplication table 
[v%l = bd = Yl 
[x3 ,%I = h 9 x41 = Yz 
[X6 3 %I = dY1 9 and all other [Xi , %I = 0 
(subject to [xj , xi] = - [xj, xi], of course). 
PROPOSITION 2. If d is iwational then N(d) has no basis with rational 
constants of structure. 
Proof. It suffices to show that N(d) h as no compatible basis with rational 
constants of structure. If there were such a rational compatible basis B, 
then by the remarks immediately following Definition 1, I(B) would be a 
rational polynomial. Hence the Hessian HI(B) would be a rational polynomial, 
and, by Lemma 8, also a scalar multiple of HI(B,). We show this is impossible. 
In a straightforward application of Lemma 6, we find that 
QI(% 9 9 **, 4 = [%%I ([%%I b%%I - h%l h%l + h%l b%l) 
- b%%l m2%1 kvd - h%l Lw31 + kwll [X4%1) 
+ [%X41 m24 P5%1 - b%l b%%l + E%%l bd 
- h%I G%%l [X4%1 - k%l k%%ll + k2%1 b%%l) 
+ kv~l G%%1 Lw51 - [%X41 E%%l + h%l L%%l)* 
Therefore, I(B,) = 6dy13 + 6y,y,s, and the Hessian 
HI(B,) = 432dy12 - 144~s~. 
Since d is irrational, no scalar multiple of HI(B,) is a rational polynomial. 
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